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Fuzzy equality relations or indistinguishability operators generalize the concepts of crisp
equality and equivalence relations in fuzzy systems where inaccuracy and uncertainty is
dealt with. They generate fuzzy granularity and are an essential tool in Computing with
Words (CWW). Traditionally, the degree of similarity between two objects is a number be-
tween 0 and 1, but in many occasions this assignment cannot be done in such a precise way
and the use of indistinguishability operators valued on a finite set of linguistic labels such
as small, very much, etc. would be advisable. Recent advances in the study of finite-valued
t-norms allow us to combine this kind of linguistic labels and makes the development of a
theory of finite-valued indistinguishability operators and their application to real problems
possible.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
1.1. Finite-valued t-norms
In fuzzy logic, the logical conjunction is modeled by a t-norm. In this way infinite-valued logics are obtained in which the
truth degree of a proposition is a number between 0 and 1. In fuzzy systems, t-norms are also used tomodel the intersection
of fuzzy subsets that are valued in the unit interval.
Inmany cases, assigning an exact and precise value between 0 and 1 is not realistic because, due to linguistic vagueness or
lack of precision in the data, this assignment is necessarily imprecise. It would bemore reasonable in these cases to consider
only a totally ordered finite chain (that can be identified with a finite subset of [0, 1]) in order to valuate the fuzzy concepts.
The study of operators defined on a finite chain L is of great interest, especially because reasoning is usually done by using
linguistic terms or labels that are totally ordered. For instance, the size of an object can be granularized in very small, small,
average, big, very big. If an operator T is defined on this set, thenwewill be able to combine these labels in order to obtain for
example T(average, very big). The calculations are simplified greatly by addressing the problem of combining labels in this
way, since there is no need to assign numerical values to them or to identify them with an interval or with a fuzzy subset.
Finite chains are also useful in cases in which the values are discrete by nature or by discretization. On a customer-
satisfaction survey, respondents may be asked to describe their satisfaction with a service using natural numbers from 0 to
5 or labels ranging from not at all satisfied to very satisfied.
In this line, various authors have translated t-norms and t-conorms to finite chains [15–19] obtaining interesting theo-
retical results.
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1.2. Finite-valued indistinguishability operators
In almost all situations human beings categorize or granularize [23] the properties or features of objects into a finite
set L of linguistic labels that can be linearly ordered. These properties can be evaluated on L in a natural way and, conse-
quently, the fuzzy subsets of the universe of discourse are also valued on L. Likewise, the degree of similarity, equivalence
or indistinguishability between two objects is not a numerical value between 0 and 1, but rather an element of L that can be
interpreted as rather, very much, etc.
Indistinguishability operators valued in finite chains seem to be very interesting tools that will allow us to study the
similarity between objects while taking into account the granularity generated by L and obtain an interpretation of the
calculation on the chain.
The most common ways to generate a T-indistinguishability operator is calculating the T-transitive closure of a reflexive
and symmetric fuzzy relation or using the Representation Theorem. This theorem states that every fuzzy subset μ of a uni-
verse X generates a T-indistinguishability operator Eμ and that every T-indistinguishability operator on X can be generated
from a family of fuzzy subsets of X . This fuzzy subsets can be interpreted as the degrees in which the elements of X resemble
some prototypes or match with different features. Different families can generate the same indistinguishability operator E
and familieswith a small number of elements are especially desirable since they give a better understanding to the semantics
below E and also because the information of E can be packed in a small number fuzzy subsets. The families with the smallest
number of fuzzy subsets are called basis of E and its cardinality its dimension. In this paper a newway involving Diophantine
inequations will be developed for finding the set of extensional L-subsets of a finite-valued indistinguishability operator
and from this a basis and the dimension of it will be calculated. Also a theoretical way to calculate the transitive closure in
the finite valued case will be given. These results will be then used to find the dimension and the basis of a [0, 1]-valued
T-indistinguishability operator in a novel way.
Another interesting issue related to fuzzy relations is the calculation of transitive openings.While the transitive closure of
a reflexive and symmetric fuzzy relation R is unique and provides its best approximation by a T-indistinguishability operator
greater than or equal to R, transitive openings of R are maximal T-indistinguishability operators among the ones smaller
than or equal to R. They are not unique in general and for relations valued on the unit interval there can be an infinite number
of them even when the cardinality of the universe is finite. There are several algorithms to calculate some of them for the
minimum t-norm, but until now it has been a challenging problem to find one of them for other t-norms. In this paper a
method for finding all the transitive openings for finite valued reflexive and symmetric relations is presented that can be
used as well to obtain transitive openings of relations valued on the unit interval for continuous Archimedean t-norms. In
this way a solution to this until now open problem is provided.
1.3. Organization of the paper
A section of preliminary concepts of finite-valued t-norms follows. Section 3 is devoted to someproperties of finite-valued
indistinguishability operators. In particular, the Representation Theorem [20] is specialized to these operators. Section 4 is
devoted to additive generators of finite-valued t-norms. Most of them have additive generators and a new pseudo-inverse
(the pseudo-inverse down) is defined in order to be able to generate their residuations. In Section 5 amethod to calculate the
dimension and a basis of a finite-valued indistinguishability operatorwill be developed. Also away to obtain the T-transitive
closure of reflexive and symmetric L-relation will be provided. The results are applied in Section 6 to find the dimension
and a basis of finite-valued indistinguishability operators. Section 7 is devoted to the calculation of transitive openings and
a section of concluding remarks ends the work.
2. Preliminaries
This section contains some definitions and results on finite-valued t-norms that will be needed later on the paper. The
proofsof the results aswell asmore informationaboutfinite-valued t-normscanbe found in [18]. ThedefinitionofGL-monoid
is also recalled.
Let L be a finite totally ordered set with minimum e and maximum u.
Definition 2.1. A binary operation T : L × L → L is a t-norm if and only if for all x, y, z ∈ L
1. T(x, y) = T(y, x),
2. T(T(x, y), z) = T(x, T(y, z)),
3. T(x, y) ≤ T(x, z) whenever y ≤ z,
4. T(x, u) = x.
The set of t-norms on a finite chain depends only on its cardinality. For this reason we will only consider the chains
L = {0, 1, . . . , n} and in Sections 6 and 7 L′ =
{
0 = 0
n
, 1
n
, 2
n
, . . . , n
n
= 1
}
.
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Example 2.2
1. The minimum t-norm T on L is defined by T(i, j) = min{i, j}.
2. The Łukasiewicz t-norm T on L is defined by T(i, j) = max{i + j − n, 0}.
Definition 2.3
• A map f : L → L is smooth if and only if
0 ≤ f (i + 1) − f (i) ≤ 1 for all i ∈ L, i < n.
• A map F : L × L → L is smooth if and only if it is smooth with respect to both variables.
Smooth t-norms on finite chains are the equivalent of continuous ones defined on [0, 1].
Definition 2.4. A t-norm T on L is divisible if and only if for all i, j ∈ L with i ≤ j there exists k ∈ L such that
i = T(j, k).
Smoothness and divisibility are equivalent concepts for t-norms.
Proposition 2.5. A t-norm on L is smooth if and only if it is divisible.
The next proposition characterizes all smooth t-norms on L as particular ordinal sums of copies of the t-norm of
Łukasiewicz.
Proposition 2.6. A t-norm T on L is smooth if and only if there exists J = {0 = i0 < i1 < · · · < im = n} ⊆ L such that
T(i, j) =
⎧⎨
⎩
max{ik, i + j − ik}, if i, j ∈ [ik, ik+1] for some ik ∈ J,
min{i, j}, otherwise.
T is said to be an ordinal sum and is represented by T = 〈0 = i0, i1, . . . , im = n〉.
Definition 2.7 [14,13]. (L,≤, ∗) is a GL-monoid if and only if
1. (L,≤) is a complete lattice,
2. (L, ∗) is a commutative monoid (i.e., the operation ∗ : L × L → L is associative, commutative and has a unit 1 ∈ L),
3. (L, ∗) has a zero element 0 fulfilling 0 ∗ α = 0 ∀α ∈ L,
4. ∗ is isotonic, i.e., ∀α, β, γ ∈ L,
α ≤ β ⇒ α ∗ γ ≤ β ∗ γ.
5. (L,≤, ∗) is integral, i.e., 1 = ∨ L is also the universal upper bound of L,
6. (L,≤, ∗) is the dual of a divisibility monoid, i.e.,
α ≤ β implies the existence of γ ∈ L such that α = β ∗ γ.
7. (L,≤, ∗) is residuated, i.e., there exists a binary operation → on L such that
α ∗ β ≤ γ ⇐⇒ α ≤ β → γ.
8. The infinite distributive law holds, i.e.,
α ∗∨
i∈I
βi =
∨
i∈I
α ∗ βi.
Example 2.8
• The unit interval [0, 1] with the usual ordering provided with a continuous t-norm is a GL-monoid.
• A finite totally ordered set L with a finite t-norm is a GL-monoid.
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3. Finite-valued indistinguishability operators
Indistinguishability operators fuzzify the concepts of crisp equality and crisp equivalence relation. They have been stud-
ied under different settings, mainly valued on [0, 1] [3,10,21] and with respect to a left continuous t-norm, though some
generalizations to more general structures like GL-monoids have been carried on. See also [1,2] for the study of indistin-
guishability operators and graded properties of fuzzy relations in fuzzy class Theory, where some generalizations of the
Representation Theorem are obtained.
A very important result is the Representation Theorem that roughly speaking says that every fuzzy set μ on a universe
X generates an indistinguishability operator Eμ and that every indistinguishability operator on X can be obtained as the
infimum of a family of indistinguishability operators generated in this way. The theorem was first proved by Ovchinnikov
for the product t-norm. Then it was generalized to continuous t-norms by Valverde and in [13] it is noticed that it is also
true for GL-monoids. Since finite-valued t-norms are such monoids, the Representation Theorem also applies to them.
This section adapts the basic definitions on indistinguishability operators to the finite-valued case. In particular, the
Representation Theorem and the idea of extensionality are recalled.
Also the concepts of dimension and basis of an indistinguishability operator are considered and the characterization of
the set of extensional fuzzy subsets with respect to an indistinguishability operator is adapted to the context of finite-valued
t-norms.
Definition 3.1. Let T be a t-norm on L. Its residuation
−→
T is defined by
−→
T (i|j) = max{k ∈ L | T(i, k) ≤ j}.
Example 3.2
1. If T is the Łukasiewicz t-norm on L, then
−→
T (i|j) = max{0, n − i + j} for all i, j ∈ L.
2. If T is the minimum t-norm on L, then
−→
T (i|j) =
⎧⎨
⎩
j, if i > j,
n, otherwise.
Definition 3.3. The biresiduation ET associated to a given t-norm T on L is defined by
ET (i, j) = T(−→T (i|j),−→T (j|i)) = min{−→T (i|j),−→T (j|i)}.
Example 3.4
1. If T is the Łukasiewicz t-norm on L, then ET (i, j) = n − |i − j| for all i, j ∈ L.
2. If T is the minimum t-norm, then ET (i, j) =
⎧⎪⎨
⎪⎩
min{i, j}, if i = j,
n, otherwise.
Proposition 3.5. Let T = 〈0 = i0, i1, . . . , im = n〉 be a smooth t-norm on L. Its residuation −→T is
−→
T (i|j) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
n, if i ≤ j,
max{0, ik+1 − i + j}, if i, j ∈ [ik, ik+1] for some ik ∈ J and i > j,
j, otherwise.
Proof. Straightforward. 
Proposition 3.6 Let T = 〈0 = i0, i1, . . . , im = n〉 be a smooth t-norm on L. Its biresiduation ET is
ET (i, j) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
n, if i = j,
ik+1 − |i − j|, if i, j ∈ [ik, ik+1] for some ik ∈ J,
min{i, j}, otherwise.
Proof. Straightforward. 
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Definition 3.7. Given a t-norm T on L, a T-preorder P on a set X is an L-relation P on X (i.e., P : X × X → L) satisfying for
all x, y, z ∈ X
1. P(x, x) = n (Reflexivity),
2. T(P(x, y), P(y, z)) ≤ P(x, z) (T-transitivity).
Proposition 3.8. The residuation
−→
T of a t-norm T on L is a T-preorder on L.
Definition 3.9. Given a t-norm T on L, a T-indistinguishability operator E on a set X is an L-relation on X satisfying for all
x, y, z ∈ X
1. E(x, x) = n (Reflexivity),
2. E(x, y) = E(y, x) (Symmetry),
3. T(E(x, y), E(y, z)) ≤ E(x, z) (T-transitivity).
Proposition 3.10. The biresiduation ET of a t-norm T on L is a T-indistinguishability operator on L.
Proposition 3.11. Let T be a t-norm on L and μ an L-subset of X (i.e., μ : X → L for all x ∈ X). The L-relation Eμ on X defined
for all x, y ∈ X by
Eμ(x, y) = ET (μ(x), μ(y))
is a T-indistinguishability operator on X.
Theorem 3.12. Representation Theorem for T-indistinguishability operators. Let R be an L-relation on a set X and T a t-norm on
L. R is a T-indistinguishability operator if and only if there exists a family (μi)i∈I of L-subsets of X such that for all x, y ∈ X
R(x, y) = inf
i∈I Eμi(μi(x), μi(y)).
(μi)i∈I is called a generating family of R and an L-subset that belongs to a generating family of R is called a generator of R.
It is clear that μ is a generator of E if and only of Eμ ≥ E.
Definition 3.13. Let T be a t-norm on L, E be a T-indistinguishability operator on a set X and μ an L-subset of X . μ is
extensional with respect to E if and only if for all x, y ∈ X
T(E(x, y), μ(x)) ≤ μ(y).
HE will denote the set of all extensional L-subsets with respect to E.
Extensional L-subsets with respect to a T-indistinguishability operator E play a central role since they are the only
observable sets taking E into account. Indeed, in the crisp case, when E is a crisp equivalence relation on a universe X ,
the only crisp subsets from which something can be said if E is considered are only the unions of equivalence classes of E
(and intersections if we want to add the empty set). The equivalence classes give the granularity in X and the observable
subsets are the union of equivalence classes of E. When we consider a T-indistinguishability operator E on a universe X ,
extensionality fuzzifies the classical property
A is the union of equivalence classes of ∼ if and only if x ∈ A and x ∼ y implies y ∈ A
and it is in this sense that they can be considered as the observable fuzzy subsets of X when E is taken into account.
The next two results relate extensional L-subsets and generators.
Proposition 3.14. Let T be a t-norm on L, E be a T-indistinuishability operator on a set X andμ an L-subset of X.μ is extensional
with respect to E if and only if Eμ ≥ E.
Proof
T(E(x, y), μ(x)) ≤ μ(y) and T(E(x, y), μ(y)) ≤ μ(x) if and only if
ET (μ(x), μ(y)) ≥ E(x, y). 
Corollary 3.15. Let T be a t-norm on L, E be a T-indistinguishability operator on a set X and μ an L-subset of X. μ is extensional
with respect to E if and only if it is a generator of E.
In [13] there is a nice characterization of HE .
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Proposition 3.16. Let F(X) be the set of all L-subsets of X and T a t-norm on L. Given a set H of L-subsets of X, there exists a
T-indistinguishability operator E on X such that H = HE if and only if for all L-subsets μ of H and for all α ∈ [0, 1],
1. T(α, μ) ∈ H,
2.
−→
T (α|μ) ∈ H,
3.
−→
T (μ|α) ∈ H,
4. (H,≤) is a complete sub lattice of (F(X),≤).
Goingback to theRepresentationTheorem3.12,different familiesofL-subsets cangenerate thesameT-indistinguishability
operator E. This gives great interest to the theorem, since if we interpret the elements of the family as degrees of matching
between the elements of X and a set of prototypes, we can use different features, giving different interpretations to E.
Among the generating families of a relation, the ones with low cardinality are of special interest, since they provide an
easy semantic interpretation and also because the information contained in its matrix can be packed in a small number of
L-subsets.
Definition 3.17. Let T be a t-norm on L and E a T-indistinguishability operator on X . The dimension of E is the minimum of
the cardinalities of the generating families of E in the sense of the Representation Theorem. A generating family with this
cardinality is called a basis of E.
A geometric approach and an algorithm for calculating the dimension and a basis of T-indistinguishability operatorswith
T continuous Archimedean or the minimum t-norm in [0, 1] can be found in [3].
In Section 5 an algorithm for finding dimensions and basis of T-indistinguishability operators for an additively generated
t-norm T on L will be provided.
4. Additive generators
Contrarily to the case of t-norms defined on [0, 1], many of the t-norms on a finite chain L can be additively generated.
In particular, it can be proved that all smooth t-norms on L – including the minimum t-norm and all ordinal sums – have
an additive generator. This will provide us with a technique for finding the dimension and a basis of a finite-valued T-
indistinguishability operator E as well as its set HE of generators or extensional sets.
Definition 4.1. Let f : L → [0,∞) be a strictly decreasing function with f (n) = 0.
• The pseudo-inverse up f (−1)+ : [0,∞) → L is defined by
f
(−1)
+ (t) = min{i ∈ L; f (i) ≤ t} = min f−1([0, t]).
• The pseudo-inverse down f (−1)− : (−∞,∞) → L is defined by
f
(−1)
− (t) =
⎧⎨
⎩
max{i ∈ L; f (i) ≥ t} = max f−1([t, n]), if t ≥ 0,
n, otherwise.
The pseudo-inverse upwas first defined in [18]. The pseudo-inverse down is introduced in this paper in order to generate
the residuation and biresiduation of a t-norm on L.
Definition 4.2. Let T be a t-norm on L. T is generated by a strictly decreasing function f : L → [0,∞)with f (n) = 0 if and
only if
T(i, j) = f (−1)+ (f (i) + f (j)) for all i, j ∈ L.
f is called an additive generator of T and we will write T = 〈f 〉.
For an additive generator f , we will indicate f = (a0, a1, a2, . . . , an = 0) where ai = f (i), i ∈ L.
Example 4.3
• An additive generator of the t-norm of Łukasiewicz on L is (n, n − 1, n − 2, . . . , 1, 0).
• An additive generator of the minimum t-norm L is (2n − 1, 2n−1 − 1, 2n−2 − 2, . . . , 7, 3, 1, 0).
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Some results on additive generators follow.
Proposition 4.4 [18]. Let f = (a0, a1, a2, . . . , an = 0) and g = (b0, b1, b2, . . . , bn = 0) be strictly decreasing functions on
L. Then 〈f 〉 = 〈g〉 if and only if for all i, j, k ∈ L with k = 0,
1. ai + aj ≥ a0 ⇒ bi + bj ≥ b0.
2. ak ≤ ai + aj < ak−1 ⇒ bk ≤ bi + bj < bk−1.
Corollary 4.5 [18]. If f : L → [0,∞) is a strictly decreasing function with f (n) = 0 and λ > 0, then 〈f 〉 = 〈λf 〉.
Of course, the reciprocal of the corollary is not true.
Proposition 4.6 [18]. If T is a t-norm on L with additive generator, thenwe can find an additive generator f of T with Ran f ∈ Z+.
Proposition 4.7 [18]. All smooth t-norms on L have an additive generator.
For additively generated t-norms we have representations for their residuations and biresiduations.
Proposition 4.8. Let T be a t-norm on L with additive generator f . Then
−→
T (i|j) = f (−1)− (f (j) − f (i)) for all i, j ∈ L.
Proof. Given i, j ∈ L,
−→
T (i|j) =max{k ∈ L | T(i, k) ≤ j}
=max{k ∈ L | f (−1)+ (f (i) + f (k)) ≤ j}
= f (−1)− (f (j) − f (i)) . 
Proposition 4.9. Let T be a t-norm on L with additive generator f . Then
ET (i, j) = f (−1)− (|f (i) − f (j)|) for all i, j ∈ L.
Proof
ET (i, j) =min{−→T (i|j),−→T (j|i)}
=min{f (−1)− (f (j) − f (i)) , f (−1)− (f (i) − f (j))}
= f (−1)− (|f (i) − f (j)|) . 
5. Dimension and basis of an indistinguishability operator
In this section we will give a method for calculating the dimension and a basis of a T-indistinguishability operator E on
a finite set X when T , a t-norm on L, can be additively generated. Also a theoretical method for calculating the transitive
closure of a reflexive and symmetric L-relation will be explained.
Both methods are based on the solutions of a set of Diophantine inequations.
Let μ be an L-subset of a finite set X = {r1, r2, . . . , rs}. We will write μ = (q1, q2, . . . , qs) when μ(ri) = qi, i =
1, 2, . . . , s.
An L-subset of X is a generator of E if and only if Eμ(ri, rj) ≥ E(ri, rj) for all i, j = 1, 2, . . . , s. If T has f as an additive
generator, then this condition can be written as
f
(−1)
− (|f (μ(ri)) − f (μ(rj))|) ≥ E(ri, rj) for all i, j = 1, 2, . . . , s
or
|f (μ(ri)) − f (μ(rj))| ≤ f (E(ri, rj)) for all i, j = 1, 2, . . . , s.
This is equivalent to
f (μ(ri)) − f (μ(rj)) ≤ f (E(ri, rj)) for all i, j = 1, 2, . . . , s.
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Proposition 5.1. Let T be a t-norm on L with additive generator f and E a T-indistinguishability operator on a finite set X of
cardinality s. An L-subset μ = (x1, x2, . . . , xs) is a generator of E if and only if
f (xi) − f (xj) ≤ f (E(ri, rj)) for all i, j = 1, 2, . . . , s.
In other words, HE is the subset of L
s of solutions of the last system of Diophantine inequalities.
Example 5.2
• If T is the Łukasiewicz t-norm on L, then the last system of inequalities becomes
xi − xj ≤ n − E(ri, rj) for all i, j = 1, 2, . . . , s.
• If T is the minimum t-norm on L, then the last system of inequalities becomes
2n−xi − 2n−xj ≤ 2n−E(ri,rj) − 1 for all i, j = 1, 2, . . . , s.
Example 5.3. The following L-relation E on X = {r1, r2, r3, r4} is a min-indistinguishability operator with L = {0, 1, 2}.
E =
⎛
⎜⎜⎜⎜⎜⎜⎝
2 1 0 0
1 2 0 0
0 0 2 1
0 0 1 2
⎞
⎟⎟⎟⎟⎟⎟⎠
.
An L-subset (x1, x2, x3, x4)ofX is a generator of E if andonly if it satisfies the followingDiophantine systemof inequations.
22−x1 − 22−x2 ≤ 22−1 − 1,
22−x1 − 22−x3 ≤ 22 − 1,
22−x1 − 22−x4 ≤ 3,
22−x2 − 22−x1 ≤ 1,
22−x2 − 22−x3 ≤ 3,
22−x2 − 22−x4 ≤ 3,
22−x3 − 22−x1 ≤ 3,
22−x3 − 22−x2 ≤ 3,
22−x3 − 22−x4 ≤ 1,
22−x4 − 22−x1 ≤ 3,
22−x4 − 22−x2 ≤ 3,
22−x4 − 22−x3 ≤ 1.
HE has 26 elements:
HE = {(2, 2, 2, 2), (2, 2, 2, 1), (2, 2, 1, 2), (2, 2, 1, 1), (2, 2, 0, 0), (2, 1, 2, 2),
(2, 1, 2, 1), (2, 1, 1, 2), (2, 1, 1, 1), (2, 2, 0, 0), (2, 1, 0, 0), (1, 2, 2, 2),
(1, 2, 2, 1), (1, 2, 1, 2), (1, 2, 1, 1), (1, 2, 0, 0), (1, 1, 2, 2), (1, 1, 2, 1),
(1, 1, 1, 2), (1, 1, 1, 1), (1, 1, 0, 0), (0, 0, 1, 2), (0, 0, 2, 1), (0, 0, 2, 2),
(0, 0, 1, 1), (0, 0, 0, 0)}.
E has dimension 2 and {(1, 2, 0, 0), (0, 0, 1, 2)} is a basis of E, since they generate the min-indistinguishability operators
E1 and E2 respectively and E = min{E1, E2}.
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E1 =
⎛
⎜⎜⎜⎜⎜⎜⎝
2 1 0 0
1 2 0 0
0 0 2 2
0 0 2 2
⎞
⎟⎟⎟⎟⎟⎟⎠
,
E2 =
⎛
⎜⎜⎜⎜⎜⎜⎝
2 2 0 0
2 2 0 0
0 0 2 1
0 0 1 2
⎞
⎟⎟⎟⎟⎟⎟⎠
.
A similar reasoning will allow us to calculate the transitive closure of a reflexive and symmetric L-relation on a finite set
valued on L.
Definition5.4. LetRbeareflexiveandsymmetricL-relationonasetX . TheT-transitiveclosureofR is theT-indistinguishability
operator R on X satisfying
• R ≤ R.
• If E is another T-indistinguishability operator on X satisfying R ≤ E, then R ≤ E.
Let R be a reflexive and symmetric L-relation on a finite set X = {r1, r2, . . . , rs} and T a t-norm on T . We will calculate
the set HR of the extensional L-subsets of its T-transitive closure R.
According to Proposition 5.1, HR is the solution of the system of Diophantine inequalities
f (xi) − f (xj) ≤ f (R(ri, rj)) for all i, j = 1, 2, . . . , s.
But this system is equivalent to
f (xi) − f (xj) ≤ f (R(ri, rj)) for all i, j = 1, 2, . . . , s.
Indeed, if an L-subsetμ = (x1, x2, . . . , xn) is a solution of the first system, then it trivially is a solution of the second one,
because f (R) ≤ f (R). Reciprocally, ifμ = (x1, x2, . . . , xn) is a solution of the second system, then the T-indistinguishability
Eμ generated by μ is greater than or equal to R and, since R is the smallest T-indistinguishability operator greater than or
equal to R, Eμ ≥ R and therefore μ is also an extensional L-subset of R.
Therefore from Rwe can calculate the set HR of L-subsets of R and from it R can be generated.
Example 5.5. Given T the Łukasiewicz t-norm, let us calculate the T-transitive closure of the relation R on X = {a, b, c}
valued on L = {0, 1, 2, 3} with matrix
R =
⎛
⎜⎜⎜⎝
3 2 0
2 3 2
0 2 3
⎞
⎟⎟⎟⎠ .
The set HR of extensional L-subsets (x1, x2, x3) of R are the solution of the system
x1 − x2 ≤ 3 − R(a, b) = 3 − 2 = 1,
x1 − x3 ≤ 3,
x2 − x1 ≤ 1,
x2 − x3 ≤ 1,
x3 − x1 ≤ 3,
x3 − x2 ≤ 1.
HR has 26 elements:
HR = {(3, 3, 3), (3, 3, 2), (3, 2, 3), (3, 2, 2), (3, 2, 1), (2, 3, 3), (2, 3, 2),
(2, 2, 3), (2, 2, 2), (2, 2, 1), (2, 1, 2), (2, 1, 1), (2, 1, 0), (1, 2, 3),
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(1, 2, 2), (1, 2, 1), (1, 1, 2), (1, 1, 1), (1, 1, 0), (1, 0, 1), (1, 0, 0),
(0, 1, 2), (0, 1, 1), (0, 1, 0), (0, 0, 1), (0, 0, 0)}
R has dimension 1, {(3, 2, 1)} is a basis of R and its matrix is
R =
⎛
⎜⎜⎜⎝
3 2 1
2 3 2
1 2 3
⎞
⎟⎟⎟⎠ .
6. Approximation of indistinguishability operators valued on [0, 1] by finite-valued ones
The problem of finding the dimension and a basis of a T-indistinguishability operator on a finite set X for a continuous
t-norm T on [0, 1] has been treated in [3,11,12].
In [11], an algorithm for finding themwhen T is theminimum t-norm is provided,while in [12] a geometric interpretation
of HE solves the problem for continuous Archimedean t-norms at least from a theoretical point of view, though the method
is computationally not very efficient.
For practical purposes, we can assume that the entries of a T-indistinguishability operator are rational numbers, since
in many cases the data come from inexact measurements and also because every T-indistinguishability operator can be
approximated by another one with rational entries with as much accuracy as desired.
Having this in mind, the results obtained in the previous sections provide a new method to obtain the dimension and a
basis of a T-indistinguishability operator as close as needed to a given one for T the minimum, the Łukasiewicz t-norm or
any ordinal sum of finite copies of the Łukasiewicz t-norm with no segments of idempotent elements on the diagonal.
Also the results of the last sections provide a method for calculating the T-transitive closure of a reflexive and symmetric
fuzzy relation.
Definition 6.1. Let R and S be two fuzzy relations on a finite set X . The distance ‖R − S‖ between R and S is
‖R − S‖ = max{|R(x, y) − S(x, y)| x, y ∈ X}.
Lemma 6.2. Let r be a positive real number and n a natural number. There exists a non-negative rational number q = m
n
with
0 ≤ r − q ≤ 1
n
.
Proof. 0 ≤ r − q ≤ 1
n
is equivalent to nr − 1 ≤ m ≤ nr. Take a non-negative integerm satisfying both inequalities. 
Proposition6.3. Let T beanordinal sumon [0, 1]of afinitenumberof Łukasiewicz copies on theboxes [ai−1, ai]2, i = 1, 2, . . . , t
with 0 = a0 < a1 < a2 < · · · < at = 1, ai = bin , bi ∈ Z for i = 0, .., t and n a fixed integer. Let R a be a reflexive an symmetric
fuzzy relation on a finite set X its entries rational numbers with divisor n (i.e., E(x, y) = sxy
n
with sxy an integer number for all
x, y ∈ X). Then the entries of its T-transitive closure are rational numbers as well.
Proof. The T-transitive closure of R can be obtained using the Sup-T product than involves only sums, subtractions, the
maximum and the minimum. 
Proposition 6.4. Let T be an ordinal sum on [0, 1] as in the preceding proposition, E a T-indistinguishability operator on a finite
set X. There exists a T-indistinguishability operator E′ on X smaller than or equal to E with all its entries rational numbers with
denominator n and such that ‖E − E′‖ < 1
n
.
Proof. Let a1, a2, . . . , ap be the entries of E different from 1. We can find a
′
1, a
′
2, . . . , a
′
p rational numbers with denomina-
tor n such that ai − a′i < 1n and a′i ≤ ai for all i = 1, 2, . . . , p. Replacing the entries a1, a2, . . . , ap of E by a′1, a′2, . . . , a′p
respectively, we obtain a new reflexive and symmetric fuzzy relation E′′ with all its entries rational numbers with de-
nominator n and satisfying ‖E − E′′‖ < 1
n
. E′′ may not be T-transitive. Its T-transitive closure E′ is between E and E′′;
therefore ‖E − E′‖ < 1
n
. Moreover, thanks to Proposition 6.3, the entries of E′ are rational numbers with denominator
n. 
This proposition allows us to calculate the dimension and a basis of a T-indistinguishability operator on a finite set X
when T is the minimum t-norm or an ordinal sum of a finite number of Łukasiewicz t-norms with covers the diagonal with
as much precision as needed.
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Indeed, we can consider E′ as a T-indistinguishability operator with T-restricted to L′ =
{
0, 1
n
, 2
n
, . . . , n
n
= 1
}
so that
we can calculate the dimension and a basis of E′ (as an L-relation). This basis is also a basis of E′ as a T-indistinguishability
operator with T valued on [0, 1].
Example 6.5. Let T be the minimum t-norm and E the T-indistinguishability operator on X = {x1, x2, x3, x4} with matrix
E =
⎛
⎜⎜⎜⎜⎜⎜⎝
1
√
3
3
0 0√
3
3
1 0 0
0 0 1
√
3
3
0 0
√
3
3
1
⎞
⎟⎟⎟⎟⎟⎟⎠
.
Thematrix E′ =
⎛
⎜⎜⎜⎜⎜⎜⎝
1 1
2
0 0
1
2
1 0 0
0 0 1 1
2
0 0 1
2
1
⎞
⎟⎟⎟⎟⎟⎟⎠
is a T-indistinguishability operator on X with ‖E−E′‖ ≤ 1
2
. This E′, considering theminimum
t-norm on L = {0, 1, 2}, has been studied in Example 5.3. So E′ as a T-indistinguishability operator valued on [0, 1] has also
dimension 2 and a basis of E′ is
{
( 1
2
, 1, 0, 0), (0, 0, 1
2
, 1)
}
.
A similar reasoning allows us to calculate a T-indistinguishability as close to the T-transitive closure of a reflexive and
symmetric fuzzy relation on a finite set X as needed.
Example 6.6. Let T be the Łukasiewicz t-norm and R be the fuzzy relation on X = {a, b, c} with matrix
R =
⎛
⎜⎜⎜⎝
1
√
2
2
0√
2
2
1
√
2
2
0
√
2
2
1
⎞
⎟⎟⎟⎠ .
The fuzzy relation R′ with matrix
R′ =
⎛
⎜⎜⎜⎝
1 2
3
0
2
3
1 2
3
0 2
3
1
⎞
⎟⎟⎟⎠
satisfies ‖R − R′‖ < 1
3
. The T-transitive closure of R′ has been calculated in Example 5.5. Therefore the matrix
R′ =
⎛
⎜⎜⎜⎝
1 2
3
1
3
2
3
1 2
3
1
3
2
3
1
⎞
⎟⎟⎟⎠
is a good approximation of the T-transitive closure of Rwhich is
R =
⎛
⎜⎜⎜⎝
1
√
2
2
√
2 − 1√
2
2
1
√
2
2√
2 − 1
√
2
2
1
⎞
⎟⎟⎟⎠ .
Proposition 6.7. If ‖R − R′‖ <  and the cardinality of X is s, then ‖R − R′‖ ≤ log2 s ·  for the minimum t-norm and
‖R − R′‖ ≤ 2 · log2 s ·  for ordinal sums.
Proof. The T-transitive closure of R can be calculated applying the sup−T product ◦ to R. If Rn is defined recursively by
Rn = Rn−1 ◦ R, then it can be proved that Rs−1 is the T-transitive closure of R so that it can be obtained after log2 s
steps. With the minimum t-norm the error is smaller than  at each step while for ordinal sums the error is smaller than
2 · . 
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7. Transitive openings
The transitive closure of a reflexive and symmetric fuzzy relation R gives a T-indistinguishability operator greater than or
equal to R. In this case it is possible to obtain the best upper approximation since the infimumof T-indistinguishability oper-
ators is also a T-indistinguishability operator. If wewant a lower approximation, then the situation ismore complicated since
the supremumof indistinguishability operators is not such an operator in general.Whatwe can find is T-indistinguishability
operators maximal among the ones that are smaller than or equal to a given reflexive and symmetric fuzzy relation. These
relations are called transitive openings and in general they are not unique, but there can be an infinite quantity of them,
even in sets of finite cardinality.
There is no general method in the literature to calculate them. In [8], an algorithm to findmaximal transitive openings of
a given fuzzy relation is given, but the obtained openings are not symmetric in general and in the process of symmetrizing
them, maximality can be lost. Heuristic methods to obtain T-indistinguishability operators smaller than or equal to a given
fuzzy relation close tomaximal ones have been proposed [5], but until now there is not a general methodology to find them.
The minimum t-norm is an exception because of the special behaviour of min-indistinguishability operators. In this case
there are a number of algorithms to find at least some of the min-transitive openings of a given reflexive and symmetric
fuzzy relation. A classic method is the complete linkage. Other algorithms can be found in [6,9,7].
In this section a method of calculating all the transitive openings of a reflexive and symmetric L′-relation on a finite set
X will be explained. This result will then be exploited to obtain transitive openings with respect to the Łukasiewicz t-norm
of a given reflexive and symmetric fuzzy relation (valued in the unit interval). The method is very effective when combined
with heuristic algorithms such as the ones proposed in [5] (see Example 7.8).
Definition 7.1. Let R be a reflexive and symmetric L-relation on a set X and T a t-norm on L. A T-indistinguishability operator
R on X is a transitive opening of R if and only if
• R ≤ R.
• If E is another T-indistinguishability operator on X satisfying E ≤ R, then E ≤ R.
Proposition 7.2. Let R be a reflexive and symmetric L-relation on a finite set X = {r1, r2, . . . , rs} of cardinality s and T a t-norm
valued on L. S is a T-indistinguishability operator smaller than or equal to R if and only if its entries satisfy the following system
of inequalities:
0 ≤ S(ri, rj) ≤ R(ri, rj) for all i, j = 1, 2, . . . , s.
T(S(ri, rj), S(rj, rk)) ≤ S(ri, rk) for all i, j, k = 1, 2, . . . , s.
S(ri, rj) = S(rj, ri) for all i, j = 1, 2, . . . , s.
Proof. Trivial. 
Example 7.3. Let us consider the reflexive and symmetric L-relation R on X = {a, b, c} with L = {0, 1, 2, 3}.
R =
⎛
⎜⎜⎜⎝
3 2 0
2 3 2
0 2 3
⎞
⎟⎟⎟⎠ .
An L-relation S on X with matrix
S =
⎛
⎜⎜⎜⎝
3 p q
p 3 r
q r 3
⎞
⎟⎟⎟⎠
is a T-indistinguishability operator smaller than or equal to R if and only if
0 ≤ p ≤ 2,
0 ≤ q ≤ 0,
0 ≤ r ≤ 2,
T(p, q) ≤ r,
T(p, r) ≤ q,
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T(q, p) ≤ r,
T(q, r) ≤ p,
T(r, p) ≤ q,
T(r, q) ≤ p.
If T is the t-norm of Łukasiewicz, then there are 8 possible solutions:
p = 0, 1, q = 0, r = 0, 1, 2,
p = 2, q = 0, r = 0, 1.
Among them, there are 2 transitive openings of R. Namely
⎛
⎜⎜⎜⎝
3 1 0
1 3 2
0 2 3
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
3 2 0
2 3 1
0 1 3
⎞
⎟⎟⎟⎠ .
This exemplifies how the transitive openings of a reflexive and symmetric L-relation can be obtained. The method is
very greedy and in general would need many calculations. Fortunately, better lower bounds can be found for the entries
of the matrices. For example, it is well known [20] that the infimum of the T-indistinguishability operators generated by
the columns of a reflexive and symmetric L-relation R is always smaller than or equal to R. In the previous example. this
infimum is
⎛
⎜⎜⎜⎝
3 1 0
1 3 1
0 1 3
⎞
⎟⎟⎟⎠
and hence the first three inequalities can be replaced by
1≤ p ≤ 2,
0≤ q ≤ 0,
1 ≤ r ≤ 2.
Better lower bounds canbe foundusing existingheuristicmethods (cf. [5], for example) to calculate lower approximations
of reflexive and symmetric fuzzy relations by T-transitive ones. This is illustrated by Example 7.8.
The previous results can be applied to obtain transitive openings of reflexive and symmetric fuzzy relations valued in the
unit interval as will be proved in Theorem 7.7.
Definition 7.4. For α ∈ [0, 1], let α be the greatest value of L′ satisfying α ≤ α.
Lemma 7.5. Let R be a reflexive and symmetric L′-relation on a finite set X. If R is a transitive opening of R with respect to the
Łukasiewicz t-norm T on L′ and S is a transitive opening of R as a fuzzy relation valued on [0, 1], then R(x, y) = S(x, y) for all
x, y ∈ X.
Proof. S is a T-indistinguishability operator valued on L′ greater than or equal to R. Since R is a transitive opening of R,
R = S. 
Lemma 7.6. Let L′ =
{
0, 1
n
, 2
n
, . . . , 1
}
, R be a reflexive and symmetric L′-relation on a finite set X of cardinality s and R a
transitive opening of R with respect to the Łukasiewicz t-norm T. Given a, b ∈ X such that R(a, b) < R(a, b) and 0 <  < 1
n
, let
us consider the following fuzzy relation R′:
R′(x, y) =
⎧⎨
⎩
R(a, b) + , if (x, y) = (a, b) or (y, x) = (a, b),
R(x, y), otherwise.
Then the transitive closure R′ of R′ is not a transitive opening of R in [0, 1].
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Proof. Let us consider the L′-relation R′′ on X .
R′′(x, y) =
⎧⎨
⎩
R(a, b) + 1
n
, if (x, y) = (a, b) or (y, x) = (a, b),
R(x, y), otherwise.
Since R is a transitive opening of R in L′, the transitive closure R′′ of R′′ is not smaller than or equal to R. Therefore there exist
x, y ∈ X with R′′(x, y) > R(x, y).
Since X is finite of cardinality s,
R′′(x, y) = max
z1,...,zs−1
T(R′′(x, z1), R′′(z1, z2), . . . , R′′(zs−1, y))
and this maximum is attained when it contains R′′(a, b). Then there exist z1, z2, . . . , zs−3 ∈ X such that
R′′(x, y)
= T(R′′(x, z1), R′′(z1, z2), . . . , R′′(zi, a), R′′(a, b), R′′(b, zi+1), R′′(zs−3, y))
= T
(
R(x, z1), R(z1, z2), . . . , R(zi, a), R(a, b) + 1
n
, R(b, zi+1), R(zs−3, y)
)
.
T
(
R(x, a), R(a, b) + 1
n
, R(b, y)
)
≥ T(R′′(x, z1), R′′(z1, z2), . . . , R′′(zi, a), R′′(a, b), R′′(b, zi+1), R′′(zs−3, y))
= R′′(x, y) > R(x, y)
and therefore
T(R(x, a), R(a, b), R(b, y)) = R(x, y) = R(x, y).
So,
R′(x, y) ≥ T(R(x, a), R(a, b) + , R(b, y)) > R(x, y).
and therefore R′ is not a transitive opening of R. 
Theorem 7.7. Let R be a reflexive and symmetric L′-relation on a finite set X of cardinality s and R a transitive opening of R with
respect to the Łukasiewicz t-norm T. Then R is also a transitive opening of R as a [0, 1]-valued relation.
Proof. Let us consider a fuzzy relation S on X such that
R < S.
Then there exists a, b ∈ X with R(a, b) < S(a, b). The fuzzy relation R′ of the previous Lemma 7.6with  ≤ S(a, b)−R(a, b)
satisfies
R < R′ ≤ S.
Since the transitive closure R′ of R′ is greater than R and the map that assigns the transitive closure to a given reflexive
and symmetric fuzzy relation is non-decreasing, a fortiori S is greater than R. Therefore there are no T-indistinguishability
operators between R and R. 
The next example shows the effectiveness of the proposed method for finding transitive openings when combined with
heuristic algorithms.
Example 7.8. Let us consider the reflexive and symmetric fuzzy relation R on a set of cardinality 5 with matrix
R =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1.0 0.5 0.5 0.7 0.6
0.5 1.0 0.8 0.7 0.5
0.5 0.8 1.0 0.9 0.8
0.7 0.7 0.9 1.0 0.9
0.6 0.5 0.8 0.9 1.0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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In [5] an algorithm is used to calculate a T-indistinguishability operator S (T the Łukasiewicz t-norm)which is not a transitive
opening of R but smaller than R and close to a transitive opening:
S =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1.0 0.5 0.5 0.6 0.6
0.5 1.0 0.8 0.6 0.5
0.5 0.8 1.0 0.8 0.7
0.6 0.6 0.8 1.0 0.9
0.6 0.5 0.7 0.9 1.0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
R (and S) can also be considered L′-relations where L′ =
{
0, 1
10
, 2
10
, . . . , 1
}
. There are only 2 intermediate T-indistinguisha-
bility operators valued in L′:
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1.0 0.5 0.5 0.6 0.6
0.5 1.0 0.8 0.6 0.5
0.5 0.8 1.0 0.8 0.7
0.6 0.6 0.8 1.0 0.9
0.6 0.5 0.7 0.9 1.0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1.0 0.5 0.5 0.7 0.6
0.5 1.0 0.8 0.6 0.5
0.5 0.8 1.0 0.8 0.7
0.6 0.6 0.8 1.0 0.9
0.6 0.5 0.7 0.9 1.0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
The second matrix is a transitive opening of R as an L′-relation and therefore also as a unit interval valued one.
8. Concluding remarks
In this work finite-valued indistinguishability operators have been introduced and their study has been focused on the
way they can be generated and on how we can apply these results to [0, 1]-valued ones.
A finite set with a finite-valued t-norm is a special case of GL-monoid [13]. Hence all the results on indistinguishability
operators valued on a GL-monoid, included the Representation Theorem, can be applied to it. Nevertheless, the method for
obtaining their dimension and basis presented in this paper is particular for finite valued ones. This gives an example of both
using the advantages of working on general structures and of particularizing to specific cases when needed.
The most relevant results are
• A new pseudo-inverse (the pseudo-inverse down) has been defined that allow us to generate the residuation of a t-norm.
• A method to find the dimension and a basis of a finite-valued T-indistinguishability operator (T additively generable)
solving a Diophantine system of inequalities has been developed.
• The last result has been used to calculate the dimension and basis of infinite-valued indistinguishability operators.
• An algorithm for calculating an approximation of the T-transitive closure of a reflexive and symmetric L-relation with as
many accuracy as needed has been also given.
• A way to obtain all the transitive openings of a reflexive and symmetric L-relation is provided.
• The last result has been used to obtain transitive openings of a given reflexive and symmetric fuzzy relation (valued in
the unit interval).
The algorithms for calculating the dimension and basis of T-indistinguishability operators and the transitive closure
and transitive openings of reflexive and symmetric fuzzy relations valued in the unit interval with respect to the t-norm
Ł of Łukasiewicz can be used for any other continuous Archimedean t-norm. Indeed, if T is a continuous Archimedean
t-norm with additive generator t and E is a T-indistinguishability operator on a finite set X , then E′ = α − α ◦ t ◦ E is an Ł-
indistinguishability operator onX and ifα > max{E(x, y) | x, y ∈ X}, then (μi)i∈I is a basis of E if and only if (α−α◦t◦μi)i∈I
is a basis of E′. In this way, we can transform E to E′, calculate a basis for E′ and from it a basis of E. In a similar way we can
transfer the transitive closure or a transitive opening with respect to the Łukasiewicz t-norm to the transitive closure or a
transitive opening with respect to another continuous Archimedean t-norm [4].
Since there is a Representation Theorem for T-preorders and the transitive closure of reflexive fuzzy relations are also
T-preorders, similar results to these of this paper can be obtained for them.
The applicability of the results obtained in this paper to Computing with Words [22] and especially to Approximate
Reasoning will be studied by the authors in forthcoming papers.
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